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1. Introduction
In [16], Schneider and Sills gave new insights about what the called a norm of

an integer partition λ = λ1 + λ2 + . . . + λk of n, denoted by N(λ). The norm
function is defined by
N(λ) = λ1.λ2 · · ·λk and it is present in several works in combinatorial number
theory and additive number theory as in MacMahon [14] dated of 1917 as shows
the next result.

For q ∈ C, and |q| < 1,

n∏
k=1

1

1− qk
=
∑
λ`n

1

N(λ)m1!m2! . . . (1− q)m1(1− q2)m2 . . .
,

where λ = 〈1m12m23m3 . . .〉 and λ ` n means that λ is a partition of n.



110 J. of Ramanujan Society of Mathematics and Mathematical Sciences

In Alegri [1], the author, gave bijective proofs for some classes of partitions
called k-chromatic overpartitions and super-chromatic overpartitions. Our work
here have relationship to the norm function as displayed in the next equation.

∞∏
n=1

1 + nqn

1− nqn
=
∑
n≥1

(∑
λ`n

N(λ)

)
qn, (1)

where λ ` n means that λ is an overpartition of n.
In order to give combinatorial interpretation for some equations as in the previ-

ous one, we provide mathematical definitions for the new class of integer partitions,
the chromatic partitions of an integer. This is a generalization of a well-know con-
cept of a ordinary partition of a integer n as defined and used in Euler [10] and
developed in works as Andrews [2, 3, 4, 5]. A chromatic partition of an integer
n is a partition of n in which every part m appear colored in one of m available
colors and the order of presentation of equal parts matters.

A chromatic partition of n presents a mathematical similarity to the n-colour
partitions, an object of study of Agarwal and Andrews in [7] and Agarwal [6].
An n-colour partition of a positive integer n is a partition in which a part of size
m, can come in m different colours which is presented in subscripts satisfying the
lexicographical order. There are thirteen 4-colour partitions: 44, 43, 42, 41, 33 +
11, 32 + 11, 31 + 11, 22 + 22, 22 + 21, 22 + 11 + 11, 21 + 11 + 11, 11 + 11 + 11 + 11. One
may note that there are a bijective association with n-colour partitions and plane
partitions as explained in the introduction section of [7]. The class of partitions
discussed in this paper is different because the order of the colours matter, and , for
n > 3, the number of chromatic partitions of n is greater the n-colour partitions.
For example, 21 + 22 is one of the fourteen chromatic partition of n = 4.

In an attempt to prove the identities of this paper we use the concept of chro-
matic overpartition, a generalization of the class of overpartitions as instituted by
Lovejoy and Corteel in [11] and widely used ever since. Works as Lovejoy [12,
13], making use of the overpartition concept as well as the more recent work of
Corteel, Savelief and Vulet́ıc in [9]. An overpartition of an integer n is a partition
of n in which the first occurrence of a part can appear overlined. For instance,
4 + 4 + 4 + 3 + 2 + 1 + 1 is a overpartition of 19. Let p(n) denote by the number
of overpartitions of n. The generating function of the number of overpartitions, is
given by the next equations.

∞∑
n=0

p(n)qn =
∞∑
n=0

(−1; q)nq
n

(q; q)n
=

(−q; q)∞
(q; q)∞

, (2)
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where (a; q)n = (1−a)(1−aq)(1−aq2) . . . (1−aqn−1) is the q-shifted factorial, and
(a; q)∞ = limn→∞(a; q)n.

The identity in the second equation can be obtained by use the q-binomial
theorem, which can be found in Andrews [4], by the use of x = q and a = −1. In
this work we will obtain an another identity resembles this one, but in terms of
chromatic overpartitions.

As in Alegri [1], using heavy combinatorial arguments, we will give bijective
proofs for the theorems 1 and 2 inspired in two Euler partition identities whose the
function form is given next.

∞∑
n=0

qn

(1− q)(1− q2) . . . (1− qn)
=
∞∏
n=1

1

1− qn
.

∞∏
n=1

1

1− q2n−1
=
∞∏
n=1

(1 + qn).

The last equation establish that the number of partitions of n in odd parts is equal
to the number of partitions of n into distinct parts.

As explained in Alegri [1], the importance of bijective proofs is due to the fact
of making a bijective association between one class of partition to another, using
simple invertible operation, without the need to establish a generating function
for both. From this, we will find equations involving hypergeometric series that
translate the combinatorial meaning of the partition identities we found. Several
bijective proofs as the two presented here can be found in Pak [15] and Bressoud [8],
for example.

2. Definitions and generating functions
Definition 2.1. A chromatic partition of n is an integer partition of n in which
every part m receives an index, ranging from 1 to m, referring to colors. The order
of appearance of colored parts should be considered, i.e., equal parts associated to
different colors are considered distinct.

If we designated the colors red, yellow, green, gray, blue and violet by the
numbers 1 to 6, respectively, the partition 66 + 65 + 54 + 53 + 42 + 31 + 32 represents
6 + 6 + 5 + 5 + 4 + 3 + 3.

Example 2.2. 77 + 74 + 53 + 54 + 22 + 21 + 11 + 11 is a chromatic partition of 30
different from 74 + 77 + 53 + 54 + 22 + 21 + 11 + 11. For n = 6 we have 56 chromatic
partitions.

Definition 2.3. A chromatic overpartition of an integer n is a chromatic partition
of n where the first occurrence of a colored part may appear overlined.
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Example 2.4. 76 + 76 + 64 + 65 + 42 + 32 + 30 + 10 is a chromatic overpartition
of 37, while 76 + 76 + 64 + 65 + 42 + 32 + 30 + 10 is not an overpartition of 37.

Denote hp(n) by the number of chromatic partitions of an integer n. For |q| < 1,
the product below is the generating function for the sequence (hp(n)).

∞∑
n=0

hp(n)qn =
∞∏
n=1

1

(1− nqn)
. (3)

Denote hp̄(n) by the number of chromatic overpartitions of an integer n. We
are interested in find the generating function for the sequence (hp̄(n))n≥0 = (1, 2, 6,
16, 38, 88, 200, 428, . . .). From the equation (3) it is easy to obtain the generating
function for the sequence of the number of chromatic partitions into distinct parts
as the following product.

∞∏
n=1

(1 + nqn). (4)

In a chromatic overpartition, the first occurrence of a colored part can be marked, so
these parts can be obtained from the product in equation (4), while unmarked parts
are generated by (3), thus, the generating function for the sequence (hp̄(n))n≥0 is
given by the next product.

Proposition 2.5. For |q| < 1,

∞∑
n=0

hp̄(n)qn =
∞∏
n=1

1 + nqn

1− nqn

In order to prove the second theorem of this paper, is convenient to define the set
of chromatic partitions An, for all positive integer n as given below.

Definition 2.6. Let An the set of partitions of n whose the elements is partitions
in which

� all parts are odd.

� a non-overlined colored part sa appears repeatedly in a power of two times,
say 2l, including l = 0. The color of this sum of parts is taken in the set
{1, 2, . . . , 2ls}.

� an overlined part appears as in the same way as in the previous item, but as
an ovelined sum of parts.
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Example 2.7. The partition 726 + 726 + 726 + 726 + 77 + 59 + 59 + 32 + 11 + 11

is a partition of A50. There are fifty partitions in A50: 5a, 5a, 1b + 1b + 1b + 1b +
11, 1b + 1b + 1b + 1b+11, 1b+1b+1b+1b+11, 1b + 1b + 1b + 1b+11, 3c+1d+1d, 3c+
1d+1d, 3c+1d + 1d, 3c+1d + 1d, where a ∈ {1, 2, 3, 4, 5}, b ∈ {1, 2, 3, 4}, c ∈ {1, 2, 3}
and d ∈ {1, 2}.
Lemma 2.8. The generating function of the number of partitions in An is

∏
j odd

(
∞∑
n=0

cj(n)qn

)
,

where

c1(r) =

{
1 , if r = 0

2n1+n2+...+ns+1 , if r = 2n1 + 2n2 + · · ·+ 2ns

and for j ≥ 2,

cj(r) =


1 , if r = 0

js (2n1+n2+...+ns+1) , if j|r, r
j

= 2n1 + 2n2 + · · ·+ 2ns

0 , if j - r

Proof. For instance, the sum of ones non-overlined as given next:

. . .+ (1a + 1a + 1a + 1a + 1a + 1a + 1a + 1a) + (1b + 1b + 1b + 1b) + (1c + 1c) + 10,
is generated by the sum

1 + q + 2q2 + 2q3 + 4q4 + 4q5 + 8q6 + 8q7 + 8q9 + 16q10 . . . .

Since a sum of ones in each parenthesis may appear overlined, this sum is generated
by

1 + 2q + 4q2 + 4q3 + 8q4 + 8q5 + 16q6 + 16q7 + 16q9 + 32q10 . . . =
∞∑
n=0

c1(n)qn.

Since for the sum of threes, as 3a, (3b + 3b), (3b + 3b) + 3a, (3c + 3c + 3c + 3c),
(3c + 3c + 3c + 3c) + 3a, and so on, the number of such partitions is generated by
the next series.

1 + 3q3 + 6q6 + 12q9 + 12q12 + 36q15 + 72q18 + 216q21 + 24q24 + 72q27 + . . .
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Considering the overlined and non-overlined multiple parts of 3, the next series
generates them.

1+6q3+12q6+24q9+24q12+72q15+144q18+432q21+48q24+144q27+. . . =
∞∑
n=0

c3(n)qn

In general, for an odd number j, the next series generates the multiple parts of j.

∞∑
n=0

cj(n)qn

So, in general, by the multiplicative principle, for all partitions in An, the coeffi-
cients of qn in the product

∏
j odd

(
∞∑
n=0

cj(n)qn

)
,

generate the number of such partitions.

3. Main Results
Theorem 3.1. For any complex number q, where |q| < 1,

∞∏
n=1

1 + nqn

1− nqn
= 1 +

∞∑
n=0

2(1 + q)(1 + 2q2) . . . (1 + (n− 1)q(n−1))nqn

(1− q)(1− 2q2) · · · (1− nqn)
(5)

Proof. One may note that

2(1 + q)(1 + 2q2) · · · (1− (n− 1)qn−1)nqn

(1− q)(1− 2q) · · · (1− nqn)
=

2nqn

1− nqn
n−1∏
k=1

1 + kqk

1− kqk
(6)

is the generating function for chromatic overpartitions with the largest part being
n in the sense that

2nqn

1− nqn

generates parts of size n whereas

∞∏
k=1

1 + kqk

1− kqk
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generates parts of size k, for k ranging from 1 to n− 1. The role of the coefficient
2 in the r.h.s. of equation (6) is due to the fact that the first occurrence of the
greatest part n could appear (or not) overlined.

Hence, taking the limit n→∞, the right-hand side of (6) is also the generating
function for chromatic overpartitions.

Theorem 3.2. For any complex number q, where |q| < 1,

∞∏
n=1

(1 + 2nqn) =
∏
j odd

(
∞∑
n=0

cj(n)qn

)
. (7)

Proof. In order to proof the identity of the theorem we will establish a bijection
from partitions in the set {An|n ∈ N} to the set of chromatic partition into distinct
parts.

From a non-overlined chromatic overpartition into distinct parts, we can split
an even part in a power of two odd parts as done in the classical bijective proof
of the Euler identity in which it can be found in the chapter 2 of Andrews [2].
Consider a partition in An, as λ1,k1 + λ2,k2 + . . .+ λj,kj , and denote a colored part
by λl,kl . Since every pair of equal parts non-overlined appear in the same color, and
these are taken to one part with twice the size, each partition of An corresponds to
a chromatic partition into distinct non-overlined parts . The overlined equal parts,
as λ1,k1 + λ2,k2 + . . .+ λj,kj , with λ1,k1 + λ2,k2 + . . . + λj,kj = m = 2l, are mapped
in an overlined part m. Clearly this operation is invertible, thus so characterizing
the bijection between the set chromatic partitions in distinct parts and chromatic
partitions in odd parts such as those described here.

The generating function for the number of th chromatic partitions into distinct
parts is given by the product

∞∏
n=1

(1 + 2nqn),

and the generating function for the number of overpartitions in An in given by
the product as exhibit in lemma 2.8. Since we had proved that the number of
overpartitions into distinct parts of n is equal to the number of overpartitions in
An, the equation (7) is valid.

The next table exhibit an example of bijective association among all chromatic
overpartitions of 5 into distintic parts and partitions in A5 as described in the
previous theorem.
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distinct parts partitions in A5 colors
5a 5a 0 ≤ a ≤ 4
5a 5a 1 ≤ a ≤ 5

4a + 10 1a + 1a + 1a + 1a + 10 1 ≤ a ≤ 4
4a + 10 1a + 1a + 1a + 1a + 10 1 ≤ a ≤ 4
4a + 10 1a + 1a + 1a + 1a + 10 1 ≤ a ≤ 4
4a + 10 1a + 1a + 1a + 1a + 10 1 ≤ a ≤ 4
3a + 2b 3a + 1b + 1b 1 ≤ a ≤ 3, 1 ≤ b ≤ 2
3a + 2b 3a + 1b + 1b 1 ≤ a ≤ 3, 1 ≤ b ≤ 2
3a + 2b 3a + 1b + 1b 1 ≤ a ≤ 3, 1 ≤ b ≤ 2
3a + 2b 3a + 1b + 1b 1 ≤ a ≤ 3, 1 ≤ b ≤ 2

Table 1: Bijective association between chromatic partitions into distinct parts and
partitions in A5

Analogous to the proof of the equation (5), we can find many new identities as
follows.

Corollary 3.3. For a complex number q, where |q| < 1 and b ∈ N ∪ {1/2},

∞∏
n=1

(1 + 2nbq2n)

(1− 2nbq2n)
= 1 +

∞∑
n=0

4nb(1 + 2bq2)(1 + 4bq4) · · · (1 + (2b(n− 1))q2(n−1))q2n

(1− 2bq2)(1− 4bq4) · · · (1− 2nbq2n)
.

(8)
For b = 1 the equation (8) refers to the generating function for the number of

chromatic overpartitions into even parts. In the next result we use chromatic
overpartitions in odd parts.

Corollary 3.4. For all complex number q, where |q| < 1,

∞∏
n=1

(1 + (2n+ 1)q2n+1)

(1− (2n+ 1)q2n+1)
= 1 +

∞∑
n=0

(4n+ 2)(1 + q) · · · (1 + (2n− 1)q2(n−1))q2n+1

(1− q) · · · (1− (2n+ 1)q2n+1)
.
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